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The (Symmetric, Metric) TSP

e Complete undirected graph K,
e Edge costs ¢;; for distinct 4,5 € [n] = {1,2,...,n} with
cij = ¢j; and ¢;; < ¢, + ¢ for all distinct 4, j, k

o

o! O

Find a minimum-cost Hamiltonian cycle: the cheapest cycle
visiting every city exactly once.
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The Subtour Elimination LP Relaxation (1950s)

Let §(S) :={e={4,5} : [{i,j} NS| =1} be the set of edges
with exactly one endpoint in S, and let 6(v) := d({v}).

min Y ecE CeTe

subject to Y sy Te =2, v=1,...,n
2666(5)x6227 SCVS#(D’S#V
0<z. <1, e=1,...,n.

The integrality gap of this relaxation is at most by % That is,
for any, for any set of metric and symmetric edge costs,

Optimal TSP Solution
Optimal LP Solution

<3
— 2
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A First SDP Relaxation (1999)

Let C = (Cij);l,jzl be the matrix of edge costs.

Let A > 0 denote that A is a positive semidefinite matrix, J denote
the all-ones matrix, and e denote the all-ones vector.

min trace (CX) =1 Z” 1 Cii Xij

subject to Xe =2e
Xii:O7 1= 1,...,TL
OSXUSI i,jzl,...,’fl

2l — X+ (2—2cos () (J=1) = 0
X a real, symmetric n X n matrix.

This semidefinite program is a relaxation of the TSP: the adjacency
matrix of any Hamiltonian cycle is feasible and has the appropriate
objective value.
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A First SDP Relaxation (1999)

Let C = (Cij)?,jzl be the matrix of edge costs.

min trace (CX)

subject to Xe = 2e
Xii =0, i=1,...n
OSXijgl, szl,...,n

20 = X + (2= 2cos (1)) (J = 1) = 0
X a real, symmetric n X n matrix.

X is a fractional adjacency matrix of K, :

for e = {1, 7}, Xi; = Xj; is the proportion of edge e used.
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A First SDP Relaxation (1999)

Let C = (Cij)?,jzl be the matrix of edge costs.

min trace (CX)

subject to Xe = 2e
Xii:()a izl,...,n
OSXZ']'SL i,jzl,...,n

20 = X + (2= 2cos (1)) (J = 1) = 0
X a real, symmetric n X n matrix.
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A First SDP Relaxation (1999)

Let C = (Cij)?,jzl be the matrix of edge costs.

min trace (CX)

subject to Xe = 2e
Xii =0, i=1,...,n
OSXZ']'SL ’i,j:1,...,n

20 = X + (2~ 2c08 (%)) (J = 1) = 0
X a real, symmetric n X n matrix.

The weighted graph corresponding to X (as a weighted
adjacency matrix) is at least as connected as a cycle graph,
with respect to algebraic connectivity
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A First SDP Relaxation (1999)

Let C = (cij)?,jzl be the matrix of edge costs.

min trace (CX)

subject to Xe = 2e
Xii =0, i=1,...,n
OSXijSL i,jzl,...,n

20 = X + (2= 2cos (1)) (J = 1) = 0
X a real, symmetric n X n matrix .

This SDP is weaker than the subtour elimination LP: any
feasible solution for the subtour LP is also feasible for this SDP.
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A First SDP Relaxation (1999)

Let C = (Cij);l,jzl be the matrix of edge costs.

min trace (CX)

subject to Xe = 2e
Xii =0, i=1,...,n
OSXijSL i,jzl,...,n

20 = X + (2= 2cos (1)) (J = 1) = 0
X a real, symmetric n X n matrix.

This SDP has an unbounded integrality gap l
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A Second SDP Relaxation (2008)

Let C = (cij);';=1 be the matrix of edge costs and S™ be the set

of real, symmetric n x n matrices. Also let d = [§].

min %trace (CX(I))

subject to X®) >, k=1,...,d
Y XD =1,
I+zﬁwm(%¢yﬂﬁzm k=1,....d

Xk e gn. k=1,...,d

This semidefinite program is a relaxation of the T'SP. I
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A Second SDP Relaxation (2008)

Let C = (cij);';=1 be the matrix of edge costs and S™ be the set

of real, symmetric n x n matrices. Also let d = [§].

min %trace (CX(l))

subject to X®) >, k=1,...,d
Y XD =1,
I+Z;-lzlcos (2—7;21“) X0 -0, k=1,....d

Xk e gn. k=1,...,d

This semidefinite program is a relaxation of the TSP. Moreover,
it is incomparable with the subtour elimination LP and
dominates the SDP of Cvetkovi¢ et. al.
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A Second SDP Relaxation (2008)

Let C be a Hamiltonian cycle. For i =1,...,d = | 2], let X@ be
the ith distance matrix of C:

X(z') {1, j and k are distance i apart in C
Jjk —
0

, otherwise.

01 0 0 0 1
c 1 01 0 OO0
G Q Yo _ |01 0100
OGO 500100
e 1 0 0010
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A Second SDP Relaxation (2008)

Let C be a Hamiltonian cycle. For i =1,...,d = | 2], let X@ be
the ith distance matrix of C:

X(z') {1, j and k are distance i apart in C
Jjk —
0

, otherwise.

00 1 0 1 0
Q 00 0 1 0 1
G Q Yo _ L0000
OO T Lo 0o
e 01 01 0O
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A Second SDP Relaxation (2008)

min %trace (CX(l))

subject to X()>0 k=1,...,d
>q =J -1,
I—i-z 1cos<2—7;L) X0 -0, k=1,....d
X(k)eS” k=1,....d

Fori=1,..,d = | §], these quickly follow from

x@ _ 1, j and k are distance ¢ apart in C
J 0, otherwise.
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A Second SDP Relaxation (2008)

min %trace (C’X(l))
subject to X (%) >0,

k=1,....d

Y XD =g -1,

jk

[+Z?:1cos(2%)X(j)i0> k=1,...,d

X&) e gn

e The distance matrices of a
cycle form an association
scheme.

e This is an application of a
more general statement
about association schemes.

(See de Klerk, Filho, Pasechnik
2012)

k=1,....d

e The distance matrices of a
cycle are circulant matrices.

e Linear combinations of
circulant matrices are
circulant.

e Circulant matrices have
well-understood eigenvalues.

(see G. and Willamson 17)
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A Second SDP Relaxation (2008)

min %trace (C’X(l))

subject to X&) >, k=1,....d
Ed X0 =Jg—1,
I+Z] 1005(2”3k)X(j)50, k=1,...,d
Xk e gm, k=1,...,d

e The distance matrices of a
cycle are circulant matrices.

mo mi ma 0 Mp—1
Mp—1 mo My o Mp-2 e Linear combinations of
.. circulant matrices are
Mp—2 Mp—1 Mo . mMp—3 .
circulant.
e (Circulant matri h.
my my  ms - mo Circulant matrices have

well-understood eigenvalues.

(see G. and Willamson 17)
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A Second SDP Relaxation (2008)

() _
For X - ]l{s and t are distance j apart in C}»

I+Zc< )XU)H) k=1,...,d.

mo my m2 Mp—1
Mp—1 mo my Mp—2
Mp—2 Mp-1 Mo mp—3

mq mo ms mo

n—1 n—1

s=0 s=0
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A Second SDP Relaxation (2008)

) _
For Xst - ]l{s and ¢ are distance j apart in C}»

d 21k (s
I+Zcos(—)X(J) =0, k=1,....,d
=1 "

1 cos(2wk/n) cos(2w2k/n) -+ cos(2m2k/n) cos(2mk/n)
cos(2mk/n) 1 cos(2mk/n) - cos(2m3k/n) cos(2m2k/n)
cos(2m2k/n)  cos(2wk/n) 1 . cos(2mdk/n) cos(2m3k/n)
cos(Q;rk/n) cos(27r.2k/n) cos(27;3k/n) cos(27.rk/n) 1

st/ —1 n—l
st =0 , t=1,...,n—1, )\n(M):ZmS.
s=0
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A Second SDP Relaxation (2008)

() _
For X - ]l{s and t are distance j apart in C}»

I+Zc s( )XU)H) k=1,...,d.

For t <mn,
n—1 5 t\/i
(M) = ste n
5=0
2rkd _ 2mdty/—1 d-! 2mrsk _2msty/—1 _
:l—l—cos(—)e n + cos( ) e n +e
s=1

2d, ifk=t=d
d, ifk#d,t e {k,n—k}
0, else.

21r(n—s)t\/—l>
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A Second SDP Relaxation (2008)

Let C = (c;j)i ;= be the matrix of edge costs and S™ be the set
of real, symmetric n x n matrices. Also let d = [§].
min Ltrace (CX(l))
subject to X&) >, k=1,...,d
Y XD =g -1,
I+Z§lzlcos (2—7;1“) X0 -0, k=1,....d
Xk e gn. k=1,...,d

This SDP has an unbounded integrality gap. That is, there exists no
constant « > 0 such that

OPT1sp (C)

—= TSP
OPTSDP(C) S @

for all cost matrices C' with metric, symmetric edge costs.
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Our Main Theorem: Proof Sketch

Let n be even and consider the cost matrix

O --- 01 --- 1

A 0 1 1 0 1

C:= 1 1 —(1 O)@Jd
1 1 0 0
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Our Main Theorem: Proof Sketch

Let n be even and consider the cost matrix

0O -~ 0 1 --- 1

. 0 --- 0 1 --- 1 0 1

C:= L v 10 - 0 —(1 O>®Jd'
1 -« 10 --- 0

c corresponds to:
* a cut semimetric: costs where, for some S CV, ¢;; = 1 if
{i,7} € 6(S) and ¢;; = 0 otherwise.
e an instance of Euclidean TSP: vertices 1,..., 5 are at 0 € R!

and vertices 5 + 1,...,n are at 1 € R!. Costs are given by
the Euclidean distance between corresponding vertices.
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Our Main Theorem: Proof Sketch

For ¢ — <‘f é) ® Ja, we have OPTspp(C) < ™ = E2OPTrgp(C).

There exists no constant o« > 0 such that

OPT1sp(C)
OPTspp(C) —

for all cost matrices C' with metric, symmetric edge costs.
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Our Main Theorem: Proof Sketch

0 1
10

For C‘=<

> ® Ja, we have OPTspp(C) < = = T OPTrsp(C).

Strategy:

1. Look within a class of feasible solutions that respect the
symmetry of C.

2. Exploit the structure of such solutions by reducing the
SDP to an LP for solutions in that class.

3. Find a feasible solution to the LP achieving the desired
cost.
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Our Main Theorem: Proof Sketch

For € — <2 (1)> ® Ja, we have OPTspp(C) < ™ = T20PTrsp(C).

Candidate solutions:

4 2 .
: aj b a-1-5)a, j<d-1
X(J)=<<bj a]>®‘]d> ajln, bj={2_gl_2§, 4
n




SEMIDEFINITE PROGRAMMING RELAXATIONS OF THE TSP SAM GUTEKUNST

Our Main Theorem: Proof Sketch

0 1

For C=<1 0

) ® Ja, we have OPTspp(C) < = = T OPTrsp(C).

Xéj) = bj, cost 1

Xe(j) = a;, cost 0

OPTspp(C) = %trace (

=0x 2(n52>a1+1 X (g)2b1
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Our Main Theorem: Proof Sketch

> ® Jg, we have OPTSDP(

Let
4 2 ]
. a; b; o \-n)a, j=d-1
x0) — ((bﬂ a>®Jd> ajln, bj= 2 _(1-2)q. i=d
J J n n) % J=

The SDP constraint I + E?:l cos (2—7;}’“) X0U) = 0 becomes

(h) k)
<<Z(k> Z(m) © Jd) + (1= a0,

where a(®) and b*) are linear combinations of a;,

.., aq. The eigen-
values of this matrix are linear combinations of aq,

oy Q.
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Our Main Theorem: Proof Sketch

0 1
10

For C‘=<

> ® Ja, we have OPTspp(C) < = = T OPTrsp(C).

Intermediate step: finding a minimum-cost feasible solution of
this form is equivalent to solving the following linear program:

max al
subject to Zle cos % a; > _%’ =1,..,
?:1 COs 27;7:Lk a’l S 17 - 17 7d
d
Die1 @ =1
4
@i S%@ i=1,..,d—1
ad <5
a >0, i=1,..,d
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Our Main Theorem: Proof Sketch

0 1

For C=<1 0

) ® Ja, we have OPTspp(C) < = = T OPTrsp(C).

The punch-line: We find solutions where
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Corollaries of Our Theorem

The SDP has an unbounded integrality gap.

The SDP is non-monotonic, unlike the TSP and subtour
elimination LP.

We’ve found SDP solutions costing "szl ~ %, which become
arbitrarily small with n
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Corollaries of Our Theorem

The SDP has an unbounded integrality gap. I

The earlier SDP of Cvetkovi¢, Cangalovié, and Kovacevié-Vujéié
has an unbounded integrality gap: the same X we found is
feasible (and has exactly the same algebraic connectivity as a
cycle).
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Corollaries of Our Theorem

The SDP has an unbounded integrality gap. |

A related SDP from de Klerk, de Oliveira Filho, and Pasechnik
20012 for the k—cycle cover problem also has an unbounded

integrality gap.
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Open Questions

1. How does this SDP perform on special cases of the TSP?

e We've shown that the integrality gap is unbounded on the
general metric and symmetric TSP, as well as on Euclidean
TSP.

e On graphic TSP (where edge costs correspond to shortest
paths in a connected input graph), the integrality gap is at
most 2. Is it strictly better?
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Open Questions

1. How does this SDP perform on special cases of the TSP?

2. If you combine both this SDP and the subtour LP, can you
guarentee an integrality gap of 1.5 — € for any ¢ > 07
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Open Questions

1. How does this SDP perform on special cases of the TSP?
2. If you combine both this SDP and the subtour LP, can you
guarentee an integrality gap of 1.5 — € for any ¢ > 07

3. De Klerk and Sotirov introduced a stronger SDP in 2012.
Does this SDP have a bounded integrality gap?



Thanks!
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