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Abstract

For any given integer N > 2, we show that every bounded measurable vector field from a bounded
domain Q into R is N-cyclically monotone up to a measure preserving N-involution. The proof involves
the solution of a multidimensional symmetric Monge-Kantorovich problem, where the cost function on
the product domain Q% is given by the vector field (actually N —1 of them). We show that the supremum
over all probability measures on Q~ which are invariant under cyclic permutations and with a given first
marginal p, is attained on a probability measure that is supported on the graph of a function of the form
x — (x, Sz, 5%, ...,SN"'z), where S is a p-measure preserving transformation on Q such that S~ = I
a.e. The proof exploits a remarkable duality between such involutions and those Hamiltonians that are
N-cyclically antisymmetric.

1 Introduction

Given a probability measure p on a domain  in R, that is absolutely continuous with respect to Lebesgue
measure, and a bounded above upper semi-continuous cost function ¢(z1, s, ..., zx) on QV, we consider the
following symmetric Monge-Kantorovich problem

MKgym(c) = sup {/QN c(xy,xg, ..., xy)dr; T € Psym(QN, ,u)} (1)

where Psym(QN , ;1) denotes the set of all probability measures on QV, whose marginals are equal to  and
which are invariant under the cyclical permutation
o(x1,Z9, ..., xN) = (T2, X3, ..., TN, T1).

In other words, m € Pym (Y, u) if

Jon f(@1, 22, ., xn)dr = [on flo(z1, 22, ..., xN))dr for every f € Cc(ON), (2)

and
Jon f(xi)dm = [, f(z)dp for every f e C(€). (3)

Standard results show that there exists m9 € Psym (QV, 1) where the supremum above is attained. In
this paper, we are interested in an important class of cost functions ¢, where the optimal measure 7 is
necessarily supported on the graph of a function of the form =z — (z, Sz, Sz, ..., SV ~12), where S is a
p-measure preserving transformation on  such that SV =T a.e.
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If ¢ is finite, then one can extend the original approach of Kantorovich to the multi-marginal and cyclically
symmetric case to show that (1) is dual to the following minimization problem

N ;N
DK/, (c) := inf{N/Qu(a:) dp; u: Q — R and Zu(xj) > N Z c(o'(z1,. .. ,xN))}. (4)
j=1 i=0

In this paper, we introduce a new dual problem based on the class Hy (Q2) of all N-cyclically antisymmetric
Hamiltonians on QF, that is

Hu(Q) = {H € C(QV;R); YN H (07 (x)) = 0 for all x € QV}. (5)

We shall say that H is N-sub-antisymmetric on ) if
N—1 ‘
S H(o'(z1,...,xn)) <0 on QV. (6)
i=0

For H € Hy(Q), we let £} be the “c-Legendre transform” of H with respect to the last (N — 1) variables,
ie.,
E}{(x) = sup {c(x,xQ, v zN) — H (z, 29, ...;zn) ;5 (T2, ..., xN) € QNﬁl} ,

and consider the problem
DKZ,,,(c) := inf { /Q 05, (z)dp(x); H € ”HN(Q)}. (7)

Since [, H(x1,22,...,xn)dr <0 for each H € Hy(2) and any symmetric probability = on QY we have for
each 7 € Pyym (QN, 1)

/ c(xl,mg,...,xN)dﬂg/ [0(951,302,...,951\;)—H(:zcl,aﬁg,...,acN)]dwS/Efq(:lcl)du(acl)7
N QN Q

and therefore MK} _(¢) < DKZ _ (c).

sym sym
Of great interest is to determine for which cost functions ¢, there is no duality gap, that is

MKy, (€) = DKy (€) = DK (). (8)
In this paper, we shall focus on cost functions on Q¥ of the form

c(z1,x2,...,xn) = (ur(z1), z2) + ...{uny—1(z1), TN), (9)
where w1, ..., uy_1 are given vector fields from Q to R%. In this case,

Cr(z) = sup {(u1(2), 32) + ....(uny—1(2), 2n) — H(z, 22, ..., aN); (T2, . an) € QV 1Y

which means that £y is essentially the standard Lagrangian associated to H (i.e., Legendre transform of H
with respect to the last N — l-variables) and

lp(x) = Ly (z,ur (), uz (), ..., un—1(x)),

where for (z,p1,...,pn—-1) € (RH)V,
N-1
Ly(x,p1, - pn—1) = sup{ > (pi,ys) — H(z, 41, yn—1); 9i € Q).
=1

We are also interested in the “extremal” probability measure in Psym(QN , i), which are images of y by maps
of the form x — (x, Sz, S%x, ..., SV ~1z), where S is a u-preserving transformation such that SN = I, u a.e.



For that, we consider the set S(Q2) of measure preserving transformations on €2, which can be considered as
a closed subset of the sphere of L?(Q2, R?) and set

Sn(Q) ={SeSQ),SN =T ae}

The set Sy (€2) has been shown recently in [3] to be polar to the class of N-cyclically monotone vector fields,
which are those u : Q — R? that satisfy for every cycle x1, ..., xx, Tn4+1 = 21 of points in , the inequality

N
_ (u(zi),zi — wit1) 2 0. (10)

K2

The following theorem, which is the main result of this paper points —among other things— to the close
connection between these four fundamental notions of modern analysis.

Theorem 1.1 Given (N —1) bounded vector fields uy, usg, ....,un—_1 from Q to RY | and a probability measure
woon Q that is absolutely continuous with respect to Lebesgue measure, we consider the following variational
problems:

MK: = SUP{/QN [(u1(21), 22) + ... (un—1(21), 2N)] dm; T € Payn (2N, 1)} (11)
DK: — inf{/Q Lot (2, 1n (), 1 (@), ooy un (2)) dpa(2); H € Hoy ()} (12)
MK': = sup{ - [(u1(2), Sz) + (u2(z), S22) + ....(un—1(x), SV 'a)] dp; S € Sn(Q)} (13)

If meas(02) = 0, then the following holds:
1. MK=DK=MK".

2. MK’ is attained at some S € Sy (), which means that MK is attained at an invariant measure Tg
that is the image of u by the map © — (v, Sz, S%x, ..., SN ~1x).

3. There exists a function H on R that is concave in the first variable, conver in the last (N — 1)
variables and N -sub-antisymmetric on 2, such that

(uy(2), ..yun_1(x)) € O NH(z,Sz,..., SN "12) ae xe€Q. (14)

Moreover, if either u; € Wl’l(Q) fori=1,2,.... N —1 orif S is differentiable a.e., then there exists a

loc

N-cyclically antisymmetric Hamiltonian H € Hy () such that

(ur (), oyun—1(2)) = Vo NyH(z,Sz,...., SN 12) ae ze€Q. (15)

4. Assume that for any two families of points x1,...,xn and y1,...,yn in §, the function

N—-1 N-1
T — Z (ui(w),yi — i) + Z (uiyn—i) — ui(rN—-i), )

has no critical point unless when x1 = y1. Then there exists a unique measure preserving N -involution
S such that (15) holds for some concave-convex N -sub-antisymmetric Hamiltonian H.

If u : Q — R? is a single bounded vector field, then the above theorem applied to the family (0, ..., 0,u) yields
the decomposition

(—u(Sz),0,...,0,u(z)) = VH(z, Sz, ..., SN ~1x) a.e. x €. (16)

If S is the identity in the above representation, it is then easy to see that u is N-cyclically monotone, which
means that the above theorem essentially says that any bounded vector field is N-cyclically monotone up



to a measure preserving N- involution. This is clearly in the same spirit as Brenier’s theorem stating that
any non-degenerate vector field is the gradient of a convex function (i.e., is N-cyclically monotone for all
N) modulo a measure preserving transformation. Note that the representation of 2-monotone operators as
partial gradients of antisymmetric saddle functions was established by Krause [9]. The general version of this
result was established in [8] where it is shown that any bounded vector field is 2-monotone up to a measure
preserving involution. Theorem 1.1 can be see as an extension of this result to the case where N > 2 and
where there is more than one vector field.

Actually, in the case of a single vector field u : Q@ — R?, one need not consider Hamiltonians on QV as
long as the requirement of N-antisymmetry is replaced by the following property: Say that a function F on
R? x R? is N-cyclically sub-antisymmetric on Q, if

N
F(z,z) =0and > F(xz;,2;4+1) <0 for all cyclic families 21, ...,zn,2n4+1 = 21 in Q. (17)
i=1
Note that if a function H(z1, ...,z ) is N-sub-antisymmetric and if it only depends on the first two variables,
then the function F(z1,29) := H (21,22, ...,xN) is N-cyclically sub-antisymmetric.
Our proof then yields the following result.

Theorem 1.2 Consider a vector field u € L™= (2, R?), then:

1. For every N > 2, there exists a measure preserving N-involution S on Q and a globally Lipschitz
concave-convez function F of R x RY that is N-cyclically sub-antisymmetric on Q, such that

(—u(Sz),u(x) € IF(x, Sx) for a.e. € Q, (18)
where OH s the sub-differential of H as a concave-convex function [13].

2. If either u € Wl’l(Q) or if S is differentiable a.e., then

loc

u(x) = VoF(x,Sx) for a.e. x € Q. (19)

3. Moreover u is strictly N-cyclically monotone on Q if and only if S = I in the representation (19).

N
Remark 1.3 Note that we cannot expect to have a function F such that Y F(z;,2;41) = 0 for all cyclic
i=1
families z1, ...,zn,n4+1 = 1 in Q. This is the reason why one needs to consider functions of N-variables
in order to get N-antisymmetry as opposed to sub-antisymmetry. Note that the function defined by

(N = 1)F(x1,29) — YN Flag,zi)

H(zy,29,...,aN) = N ) (20)

is N-antisymmetric in the sense of belonging to Hy () and H(z1, zs...,xx) > F(x1,22) on QY.

2 Duality between monotonicity, cyclical symmetry and involu-
tions

We first state here a recent result of Galichon-Ghoussoub [3], which establishes the remarkable dual-
ity between N-cyclically monotone operators, N-antisymmetric Hamiltonians and measure preserving N-
involutions. These dualities originated in the work of Krause on monotone operators (i.e., when N = 2)
and the celebrated result of Brenier on the Monge transportation problem. The following notion considered
recently by Galichon-Ghoussoub [3] turned out to be the appropriate extension to when N > 3.

Definition 2.1 A family of vector fields ui,usg, ...,un—1 from Q@ — R? is said to be jointly N-monotone if
for every cycle x1,...,xany—1 of points in Q such that xny; =27 for 1 <1< N — 1, we have

N N-1

Z_: (wi(@i), @i — @iqr) 2 0. (21)

i=1 [=1



Note that if each uy is N-cyclically monotone, then the family (uq,us,...,unx—1) is jointly N-monotone.
Actually, one needs much less, since the (N — 1)-tuplet (u,u, ..., u) is jointly N-monotone if and only if u is
2-monotone. On the other hand, (u,0,0,...,0) is jointly N-monotone if and only if u is N-monotone. See [3]
for a complete discussion.

Theorem 2.2 (Galichon-Ghoussoub) Let uq,...,uny—1 : Q@ — R? be bounded measurable vector fields. The
following properties are then equivalent:

1. The family (u1,...,un—1) 18 jointly N-monotone a.e., that is there exists a measure zero set o such
that (u1,...,un—1) is jointly N-monotone on 2\ Q.

2. The family (uy,...,un—1) is in the polar of Sy(Q, p) in the following sense,

N-1
inf {/ Z (ug(z),x — S*z) du; S € SN(Q,M)} =0. (22)
Q=1
3. There exists a N-sub-antisymmetric Hamiltonian H which is concave in the first variable, convez in
the last (N — 1) variables such that
(ui(x),...,un—1(x)) = Vo NH(z,z,...,2) forae z €. (23)

Moreover, H is N-cyclically antisymmetric in the following sense: For a.e. x = (z1,...,xn) € QV, we
have
H(z1,22,....,en) + Ha . n(21,22,...,28) =0

N—
where Ha, N is the concavification of the function K(x) = > H(o'(x)) with respect to the last N —1
variables.

Note that (22) shows that the above is also equivalent to the statement that

Sup{/ Z (we(z1), eg1)dm(X); T € Paym (2 }—/ Z (ug(z (2), (24)

and that the supremum is attained at the image of u by the map = — (z,z,...,z), which is nothing but
a particular case of the symmetric Monge-Kantorovich problem, when the cost function is the one we are
considering in (9) and when the family (uq,...,un—1) is N-monotone. Theorem 1.1 now appears as the
extension of the above to an arbitrary family of (IV — 1) vector fields.

At the heart of our results, is the fact that the duality between N-antisymmetric Hamiltonians and
measure preserving N-involutions can be significantly strengthened from the one noted in [3]. The following
lemma will be crucial to what follows.

Lemma 2.3 Let S1,59,...,Sny_1 be u-measurable maps on . The following statements are then equivalent:
1. fQ H(z,S1z, Sz, ..., Sn_12)du(x) = 0 for every N-cyclically antisymmetric Hamiltonian H.

2. There exists a p-measure preserving transformation S : Q — Q, such that SN =1 and S; = S* for all
i=1,..,N—1.

Proof: If S is y-measure preserving and SV = I a.e., then
/Hx Sz, 8%, .. .SN"1x)dy = /H Sz, 8%x,..SN e, x)du(x /H (SN, ..., 8%, x, Sx)dp(x)

Since H is N-antisymmetric, then

H(z,Sz,S%z,..SN"1z) + H(Sz, S%z,..SN 1z, 2) + . H(SN 'z, .., 5%z, Sz) = 0.



It follows that N [, H(xz, Sz, Sz, ...SNa)dp = 0.

For the reverse implication, assume [, H(x, S1z, Sax, ..., Sy—12)dp(z ) = 0 for every N-cyclically anti-
symmetric Hamiltonian H. By using the identity with Hamlltomans (H;)Y, of the form

Hi(x1,29,...;xn) = flx1) — f(x;)

where f is any continuous function on 2, one gets that S; is measure preserving for each i = 1,..., N — 1.
Now take for each fixed i = 1,..., N, the Hamiltonian

Hi(l'l,l'g, ,(EN) = ‘(El - SiZL'N| - |Sil’1 - l’i+1| - ‘$i+1 - Sil'1| + |Sil’2 - l'i+2|.

Note that H; € H for each 4, since it is of the form H;(z1,...,xn) = f(x1, Ti, Tit1,2N) — f (T2, Tiv1, Tivo, T1).
Now apply the idendity for each H; to obtain,

0= / Hy(x, S1, Sy, ..., Sy—az)dp(x) = 0= [ |Si1z — S{Sn—1|dp + / |S1812 — Siy1z| dp = 0.
Q Q Q

It follows that S;y; = S{'H and S; 1o = SiSy_; for each i = 1,..., N. The latter applied to i = 1, yields
r=581Syv_1x = Slsfvflx = S{Vx, and we are done.

3 Regularization of N-sub-antisymmetric functions

Let © be a bounded domain in R, and consider the class
N-1
Hy(Q) :={H € C(QY); Y H(o'(x)) <0 for allx € QV}. (25)
=0
For each H € H (), we associate the following functional on Q x (R4)N—1,

N-1
Ly (z,p1,....pn-1) = sup { > piyi) = H(w, 1, yn—1)i vi € Q} : (26)

i=1

Denote by
£(N) = {Lu; H € Hy()}.

Our plan is to show that one can associate to H,

e a globally Lipschitz-continuous function H, Teg € L_(N) that is concave in the first variable, convex in
the last (N — 1) variables such that LHieg < Lyg.

e a globally Lipschitz-continuous function H7,, € L(N) such that H? , > H},, and hence Lpz,, <
LH'Vl‘eg < Ly.

Suppose that ) is contained in a ball Bg centered at the origin with radius R > 0 in R?, we shall define
“an (2 x BRr) restricted Legendre transform” of Ly as

N-1
L*H(pla "'?pN—177x) = _Sup + Z pzvyz LH q Y1, 92, - '3yN—1) .
q€Q,y; €EBR i=1

Similarly, we define on RY x (R4)N—1

=

-1

pEQ,x;EBR

Lﬁ(l‘7pl7"'7pN—l) = sup {<l‘,p>+ <pi7xi>_L}i]<x17"'7x1\/'—17p)}' (27)

i=1



For any function L : R? x (RY)N=1 — R, we shall define its “Br-Hamiltonian” by

N-1
HL(xayla --'7yN—1) = Ssup {Z <p’uyl> - L(xvplv "'7pN—1)} . (28)

pi€Br | ;1

Finally, for each H € H (), we define the following two regularizations of H by

H'}eg( ) HL’;_I* (X)7 (29)
and N1 ‘
(N = 1DH,(x) = 35101 Hypey(0'(x))
2, () = P LA (30)
We list some of the properties of H.y, Hy.g, Ly, and Ly

Proposition 3.1 If H € H (), then the following statements hold:

1. Hrleg is a concave-conver on R x RYN=Y whose restriction to QN belong to H ().

2. HZ,_ belongs to Hn(Y), and H2,, > H}, on QN.

reg reg reg

3. LH%eg 18 convex and continuous in all variables and Lngg < LH%eg < Ly on Q x (BR)N’1

N—1
4- |Lmy, (z,p1,...pnv-1)| < Rzl + R X [lpil + (2N + 1)R? for all x and all (p;)X7" in RE.
i=1

5. |HY, (91, ynv—1)| < R|jz|| + R Z lyill + 2N R? for all x and all (y;)N7" in R

reg

0. Lz,  and Hreg are both Lipschitz continuous with Lipschitz constants less than 4N R.
The proof will require several lemmas.
Lemma 3.1 With the above notation, we have the following properties:
1. L**(x P1y e dN-1) < Ly(x,p1,....pn—1) for x € Q and p; € R? fori=1,...,N — 1.
2. IfH reg denotes Hrs:x, then Hrleg is concave in the first variable and convex in the last (N —1) variables.

3. Lngg 1s jointly convex in all variables.

Proof. 1) For z € Q and p; € R?, i = 1,..., N — 1, we have we have

N-1
Ly (@,p1,..,pv-1) = sup (,q) + Z (piri) = Ly (r1, -, N1,
q€Q,r;€BR i=1
N-1 N-1
= sup S{(zq)+ Y (piri)—  sup Y+ > i) — La(y,yr, o yn-1)}
q€Q,r; €EBR i=1 veﬂﬂheBR i=1
N-1 N-1
= sup _inf Y+ > i) = (W@) = Y iy + Lu (Y, 91, yn—1)
qeQ,r;eBr Y yi€BR i1 1
N-1
= sup _inf (.2 —y)+ Z<Pz = ¥i,mi) + Lu(y,y1, . yn—1)
qeQ,r;€Br YEQ,YiEBR =
N-1 N-1
= sup _inf (G —y)+ ) (pi—yi,ri) + sup (> (tiy) = Hy,ta, o tv—1)}
QEQ,TieBR y€Q,y;€BR i=1 ti€ i=1
N-1 N-1
= sup inf sup S (g, —y) + (pi = yi,mi) + (tivys) — H(y,t1, ., tn—1)
qeQ,r;€BR YEQ,Yi€BR t;€Q P =
N-1 N-1
= _inf sup  sup { (¢, z —y) + (pi —yi,mi) + (ti,yi) — H(y,t1, s tn—1) ¢
yeQyi€BRr q€Q,r;EBR ti€EQ i=1 i=1



By taking y = = and y; = p;, we readily get that L} (z,p1,....,oN-1) < Lu(z,p1,....,DN-1).

For 2) note first that by definition

N-1
HL** (x7y1a "-ayN—l) = Ssup {Z <p27yz> - L?—;f(x7p17 "'7pN—1)} )

piGBR i=1

and therefore for all z € R?, the function (yi,...,yn_1) — Hp«(2,¥1,...,yn_1) is convex. We shall show
that for all (yi,...,yn_1) € (RY)N~1 the function x — Hp««(x,y1,...,yn_1) is concave. In fact we show that

N-1
x— —Hpe (2,91, 0, Yn—1) = piiéllgR{L}}"(x,pl, ey DN—1) ; PisYi) }

is convex. Indeed, consider A € (0,1) and elements z, x5 € R?, then for any a, b such that

a > _HL**(xlayly --~7yN—1) and b > —HL**($27?J17 "'ayN—1)7

we can find (r;)N 7! and (¢;)Y 7! in (RY)V =1 such that

N-1
_HL**(xlvyh "'7yN71) é L?{*(xhrlv "'77.1\/'71) - <ri7yi> S a,
i=1
and
N-1
—Hp (22,91, ..., yn—1) < Ly (T2,q1, s qN—1) — (gi,yi) < b.

Il
_

i

Use the convexity of the ball Br and the convexity of the function L}/ in both variables to write

N-1
_HL;I* ()\ml + (1 - )\>x2ay17 "'7yN*1) = plgg {L**()\l‘] + (1 - )\)x27p17 <y PN— 1 Z pwyz
i R i—1
< L**()\Jfl + (L= Az, Art + (1 = A)gr, s Arv—1 + (1= A)gn-1))
Z (Ari 4+ (1 = N)ai, ys)
i=1
N—-1
< /\(L”}I*(xl,rl,...mN 1 Z rl,yl
=1

N-1
+<1_>‘)(L}}K(x27qlaan 1 Z quz
i=1
< Aa+(1—\b,

which establishes the concavity of z — HL;; (,y1,...;yn—1)- It then follows that L g .= Ly, ., is convex
reg H
in all variables that proves part 3).

Lemma 3.2 If H € Hy(Q), then H},, € Hy(9Q).
Proof. Let i,j =1,2,.., N. We first show that

N
Z{ Z pjvmj> - L;{*(Ri_lgﬁv ~-~7p§71axiap2+la ,pg\l))} < 0) (31)

=1 j=1j7#i

for all z; € Q and p§» € R4



We have

N
LH(Ulil(plh"'7p;—1axiapz+1a"'5p§V)) = sup Z <p;'7yj> 7H(O—’L 1(y1ﬂ' -7yi—1’$i7yi+1a"'ayN));yj €
J=1,j#i
N
> Z <p;‘axj> H(OJ l(xlvm% ,ZL’n))
J=1.j#i

Taking summation over ¢ implies that

N N N N

ZLH(Ji_l(plia~°'7p2—17wi7p§+17"'apN Z Z pyxj ZH(O—i l(xhx%“w n))

i=1 i=1 j=1,j#1 i=1

Since Zf\;l H(o" (21,22, ...,2,)) < 0, we obtain
N N N
ZLH(Jlil(plla"-5p;—17‘ri7p;+13"'apﬁ\f)) Z Z Z pjvx]

i=1 i=1 j=1,5#1

It follows from the definition of L}/ that

N

N N
ZLﬁ(azil(plla"'apzflvmivngrlv"'va Z Z pjvmj

i=1 i=1 j=1,57#1

By moving the left hand side expression to the the other side, we have
N N
023 { > Whws) = Li (0" (0 o Pl 00 Pl D)) |-
=1 j=1j#i
Taking sup over all p/ € By we obtain Zi\; Hp (0" (21,22, ..., ,)) < 0 and we are done. O

We now recall the following standard elementary result.

Lemma 3.3 Let D be an open set in R™ such that Dc BR where BR is ball with radious R centered at the
origin in R™. Let f : R™ — R and define f : R™ — R by

f(y) = sup{(y,2) — f(2)}.
ze€D

If f € L*>(D), then f is a convex Lipschitz function and
[F(s1) = F(y2)| < Rllyr — 2| for all yr,yo € R™.
Lemma 3.4 If H € H (), then the following statements hold:
1|Lg (2, p1y s pv—1)| < Rl|z]| + RN Ipill + 2N = 1)R? for all @ and (p;) 7" in R
2. |Hpz(x,y1, - yn—1)| < R|lz]l + Rzi]\;_ll lys|| + 2N R? for all x and (y;)~," in RY.
8. Ly and Hp:» are Lipschitz continuous with Lipschitz constants Lip(Hpsx:), Lip(L;) < NR.

Proof. Since H is N-sub-antisymmetric, we have H(x,...,z) < 0, hence

N-1 -
Ly(z,p1,-pn-1) > > (pi,x) on Qx (RH)N-L
i=1



This together with the fact that Q0 C By imply that

N-1
Ly(pr,-,pN-1,2) = sup {(q,x>+ > pi7yi>—LH(q,yl,yz,-~-,yN_1)}-
q€8,y;€BR i=1
N-1 N—-1
< sup S{g@) Y o) — D (@) -
q€Q,yi€BRr i=1 i=1
N-—-1
< Rlz|+ R [pill + (N - 1)R*.
i=1

With a similar argument we obtain that L3} (z,p1,...,pnv—1) < R||z| + RZ le|| + (N —1)R?. We
also have

Lﬁ(xapla "'apN—l)

N-1
sup { ) + Z Dis Ti) L;I(xl’-"’xN—l’p)}
i=1

peQ,z;,€BR

2 <I7p>+ Z<pi,l'i>7L?—]($17---,I’N_1,p)
N-1 N-1

> —R|z| =R llpsll = Rllpl = R D ||l = (N = )R
i=1 i=1
N-1

> —R|z| - R |lpill - (2N — )R>,
=1

Therefore |Lif (x,p1,....on-1)] < R||z|| + RZ ||sz + (2N — 1)R?. The estimate for Hy:» can be easily
deduced from its definition together with the estlmate on Lj;. This completes the proof of part (1).

For (2) set D = QxIIY ' Bg, then D C By where By is a ball with radius NR in R*. Now assuming
f = L} in Lemma 3.3, we have that f = L};. Therefore L} is Lipschitz in (R?)™ with Lip(L%) < NR. To
prove that Hp.~ is Lipschitz continuous, we first fix y € R? and define fy: (RHN-1 5 R by
fy(ph ~~»PN71) = L;I*(yvplv “'prl)'

Assuming D = Br C RY in Proposition 3.3, we obtain that the map

(1, .., xN—1) = fy(xl, v ®N-1) = Hpee (y, 21, 0, TN 1)
is Lipschitz and
|Hrs (Y @1, o, on—1) — Higr (4, 215 2n-1) | S R Z ll; — zi| (32)
i=1

for all (x;), (z;) € (R¥)N~1. Noticing that the Lipschitz constant R is independent of y, the above inequality
holds for all (z;), (z;) € (R")N~! and y € R%. To prove Hp:«(y,x1,...,zn_1) is Lipschitz with respect to the
first variable y, let r > 0 and y;,y2 € R<. Let P1y---,PN—1 and q1, ..., qnv—1 be such that

2
=2

(Tiyqi) — Ly (Y1,q15 s qn—1) < Hpsr (Y1, 01,0, o8 -1) < (xi,pi) — Ly (y1,p1, s pN—1) + 7,
1 i1

i

and

i
=

-1

(zi,pi) — Ly (y2,p1, s pN—1) < Hpae (Y2, 71, o TN 1) < (Ti,qi) — Ly (Y2, q1, s qn—1) + 1,
1 i

W
Il
—
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It follows that

L (y2,q1, s qn—1) — Ly (Y1, q1, - qn—1) — 7 Hps(y1, @1,y xn—1) — Hpe (Y2, 21, o TN 1)

Ly (Y2,p1, s pN-1) = Ly (Y1,p1, -, PN 1) + T
Since L3 is Lipschitz,
—NR|y1 — g =7 < Hp:- (y1,21, -, TN-1) — Hp:- (y2, 21, ., xn—1) < NR||ly1 — yo| + 7.
Since r > 0 is arbitrary we obtain
—NR|y1 — yall < Hry (Y1, 21, -, anv—1) — Higr (y2, 21, -, 2v-1) < NR[lyr — p2|-

This together with ( 32) prove that Hp.~ is Lipschitz continuous and that Lip(Hr:x) < NR. O

Proof of Proposition 3.1. 1) By Lemma 3.2, we have that H}

reg = Hrzr is a concave-convex Hamil-
tonian on R? x (R?)V~1 whose restriction to Q¥ is N-sub-antisymmetric, hence belong to H 5 (Q).
2) To show that H?2, is N-antisymmetric note that

reg

N— 1

Nngg( ) = (N - req Z Teq Teg req(Rl( ))]
i=1
and each of the terms H,}eg( x) — H}.,(R'(x)) is easily seen to be N-antisymmetric.

Now H domlnateb H blnce

N[H?oy(x) = Hyoy(x)] = —H

reg reg

reg Z H;"Leg Rl

since H},, is N-sub-antisymmetric.

3) For z € Q and py,...,py—1 € Br we have

N—-1
L, (%,p1,...pn-1) = Sup{ (pi>yi) HL;;(z,yl,---,yN—l)}
vie ¢
N—-1 N—1
= sup { > vy — sup {> {gi,yi) — L (. q1, gy — 1)}}
yi€Q S T ¢€Br ;3
—1 N—-1
= sup inf { puyl - <Qiayi>+Lﬁ($,917~-~7QN—1)}}
yGqueBR ) i1
N-—1 N-—1
< f { — L)+ L e N — }
< nf swp ;pz,yz ;<quyz>+ (T, an-1)}
— N-—1
< Su%{ Z (pivyi) — > i yi) + Lif (z,p1, prfl)}}
i€ v

= LH(xapla"'aprl)

On the other hand by Lemma (3.1) we have L} < Ly, and therefore LH;W < Ly. It also follows from part
2) that Lerg < LH%eg' This completes the proof of part 3).

Parts 4), 5) and 6) are the subject of the preceding Lemmas. O
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4 Proof of Theorem 1.1: Existence

We first show that the minimization problem (DK) has a solution. Let Br be a ball such that Q and
u;(Q) C Brforalli=1,...,N—1. Let {H,} be a sequence in H such that Ly, is a minimizing sequence for
(DK). Denoting H, := (Hp);.,, we get from Proposition 3.1 that Ly: < Ly, on Q x BY ! and therefore

reg’
Ly is also minimizing for (DK). It also follows from Proposition 3.1 that Ly and H%, are uniformly

Llpschltz with Lip(H,), Lip(Lg:) < NR. Moreover,

|HY (2,91, ynv—1)| < R||z|| —|—RZ ||y1|| +2NR? for all z and (y;)N " in R,

and
Ly (2, p1, o, pn—1)| < Rl|zl| + R0 Ipil| + (2N — 1)R? for all z,py, ..., py—1 in RZ.

By Arzela-Ascoli’s theorem, there exists two Lipschitz functions H and L : R? x R4N=1) 5 R such that H}!
converges to H and L. converges to L uniformly on every compact set of RY x ... x RN. This implies that
H € H5(Q). Note that

N-1
LHi(xaplw“aprl)+H717,(x7y17---ayN 1 Z yz;pz
=1
for all ,p1,....,pn—1 € RY and y1, ..., yn—1 € £, from which we have

N-1
L(xapla"-apN 1 Z ylapl - J} > Y1, .- 'ayN—1)7
i=1

for all z,pq,....,pn—1 € RN and y1, ..., yn_1 € . This implies that Ly < L. Let Hl = H!  and H2 = H?

reg reg

be the regularizations of H defined in the previous section. Set L =1L mi_ for i = 1,2, It follows from
Proposition 3.1 that Lyz < Lyi < Lz on QO x Bg_l, from which we have

DK = /QLg(x,ul(x),...,uN_l(x))d,u(x)
_ /QLgo(x,ul(a;),...,uN_l(x))du(x)

_ /L})o(x,ul(m),...,uN_l(x))d,u(ac).
Q

|
For the rest of the proof, we shall need the following two technical lemmas. The first one relates L}; to
the standard Legendre transform of H (extended beyond Q¥ to the whole of R4 .)

Lemma 4.1 Let Hoo = HL be the concave-conver Hamiltonian obtained above and Lo, = LY . For each
x € Q, define f, : (RHN1 5 R by

fo(yrs s yn—1) = Hoo (@, 41, - yn—1)-
We also define fp : (R)N-1 5 RU {+oc} by

Fo(ys e yn—1) = fo(y1, s yn—1) if Y1, ., yn—1 € Q¥ 71 and +oo otherwise.

Let (f2)* be the standard Fenchel dual of f, on (RH)N=1 in such a way that (f;)** = (fz)* on (RH)N-1
We then have, R -
fo = (fo)™ = fo on QN1 (33)

and

N-1
sup {Z Zupz (fz) (2’1,-- ZN— 1)}

(zi)€QN -1

Loo(.f,pl, "'7pN—l)

i=1

N-1
= {Z Zzapz r (217---7ZN—1)}- (34)

(zi e(Rd)N N

12



Proof. Since ( fI)** is the largest convex function below f» we have and f, < ( fx)** < f,, from which we
obtain f, = (f.)** = f, on QN1
For (34), we first deduce from (33) that

(fw)*<y1a"'ay]\/—l) = (.fw>***<y1a ayN 1)
— sup {Z Zis Yi) fw (215 ey 2N—1)}
2€ERA(N -1
> sup {Zzz,yz fo)™* (21,0 2n 1)}

zEB

Y

sup {Z Zuyz f'p **(Zl,...,ZN_l)}

N-1
z€0 =1

= Sup {Z (ziyyi) = fa(21, 028 -1) }

2eQN—1
= sup {Z Zis i) — [z, oy 2 1)}
2N 1 i=1

= (fo) (W1, s yn—1),

from which we have the desired result. O

Fix now H,, as above and let H € C(Q"). For each A > 0 and r € (—1,1), we associated the following
three functionals.

N-1
Lra(z,p1,.spn—1) = sup {Z<zi,pz->—(fx)**<z1,.. ZN-1) anm? —1)]|[|?]

(z;)eQN -1 i—1
+7"H(.’L‘, 21, ...,ZNfl)}

La(z,p1,.spN-1) = sup {Z<Zi,pi>—(fz)**(21,~- ZN-1) Z||zl||2 1)$||2]}

(zi)€ERUN-D ]
N-1
Lr(x7p17"'7p1\/—1) = sup Z<Zi7pi>7HOO(I7217"'7ZN—1)+TH(:Cazl7"'7ZN—1) .
(z)€QN-1 | iZ1

Lemma 4.2 Let H € C(QV) be such that Hoo — 7H € H(Q) for all v € (—1,1). Then the following hold:
1. For every (z,p1,....,pn—1) € R x RUN=D e have

lim Lx(z,pi1,....pN-1) = Loo(2,p1, ..., DN—1) and lim L, x(z,p1,....pN-1) = Lo (2, p1, ..., DN-1)-
A—0+ A—0t

2. For all x € R?, the function (p1,...,pn—_1) — La(x,p1,...,pN_1) is differentiable.

3. For every (z,p1,....,pn—1) € R x RIN=1 "ype have

lim Lr,)\(xapla"'aprl) B L)\(xapla"'vafl) _ H(V

r—0 r T2 NL)\(x P1,-. '7pN71),:C)~

Proof. Yosida’s regularization of convex functions and Lemma 4.1 yield that

lim LT,/\(:E7p17"'7pN71) = sup {Z prz (Zl,...,ZNfl)_TH($721,...,ZN71)}
A—0+ (z)eQN-1 5

= sup {Z zi,pi) — Hoo(x, 21, oy 2n—1) —TH(x, 210, ..; 2n—1) }

LT(xvplv "'7pN—1)-
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We also have

N-1
lim LA(‘%?pla"'?prl) = sup {Z<zivpi>_(f:v>**(21u"'7zN71)}7
A—0 (z;)ERIN=1) P

which, together with Lemma 4.1, yield that limy_,o0 Lx(x,p1, ..., pN-1) = Loo(Z, D1, -, PN—1)-
(2) follows from the fact that the Yosida regularization of convex functions are differentiable.

(3) Welet z,, ,, € Qand 2/ €R?be such that
N-1 ) NE
LT’A(a:’pl’ ""pN—l) < <Z(7',>\,i)’pi> - (fx)**(z(7~,>\,l)7~ 9 (A N 1) 5 Z 20
i=1 P
N —1)||z||?
+)\¢ +rH(z, Zirnays o Bma, Nﬂ)) + rz)
N-1 N
. A (v >||x\|2
LA(x,ph...,prl) < <Z;,i7pz> (fz) ( iyt F AN - 1) -3 Z (7 N L)||2 AW T DI e

i=1 i=1

Therefore,
TH(II%Z:T’A’I),...72(/TA1N71))—7’2 S Lr)\(xvplv"'aprl)_L)\(xuplu"'uprl)
< TH(®, 250000 Zan—1y) T r2. (35)

By the definition of Ly, we have sup,¢[_y,1 ||Z;,>\l|| < o0. Suppose now that, up to a subsequence, z, x,; —
zi € Qand 2, ; = 2 ; as 7 — 0. This together with the definition of L,y and Ly imply that

N—

,_.

. ||517||2
La(z,p1,...,pN-1) = Z Z(x, L)’pz (f:c) (z 21y A N 1) Z HZ(A D) +>‘ -1
=1
N-1 N-—
£\ ko A ||$'H2
- <z3\l,pz> —(fz) (z(x,l)"'”'z(/x,N,l)) 5 Z |2/ e 24+ AN —1) 5
i=1 i=1
from which we obtain that
zni = 2\ = ViLla(z,p1,...,pN-1) € Q, i=2,..,N (36)

Therefore, it follows from (35) that

lim Lv‘,)\(:r’apla "'apN—l) - L)\(xapla "'apN—l)

r—0 r

= H(VQ,..A,NLk(xvply "'7pN—1)ax)'

End of the proof of Theorem 1.1: For each A > 0, z € Q and p € R, we define

S)\,i(l'vph ~~7pr1) = viL)\(l'vplv "'7pN71) 1= 23 aN
It is easy to see that Sx;(x,p1,...,pn—1) = So.i(x,p1,..., pn—1) Where So (2, p1,...,pn—1) is the unique
element with minimal norm in 0; Loo (2, p1, -..,pn—1). Set Sxi(x) = Sy i(w, w1 (), ...,un—1(x)), and S;(x) =
Soi(z,u1(z),...,un—_1(z)). For each r > 0, A € [0,1] and z € €2, define

O\ 1) = Lyx(z,ui (), oy un—17) ; L(z,ui(z), -~-;UN—1(CC)).

Note that the function r — L, x(z,u1(z),...,un—_1(z)) is a convex function because it is supremum of a
family of linear functions. Thus, for fixed (z,A) €  x [0,1], the function r — 7,.(\, z) is non-decreasing.
Setting 1o (A, ) to be H(x, Sx1(x), ..., Sx,nv—1(z)) for A > 0 and 10(0,x) = H(z, S1(x), ..., Sv—1(z)), we have
that both functions A — n,.(A, ) and A — ng(\, z) are continuous. It follows from Dini’s Theorem, that for
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a fixed z, 7,.(\, ¥) converges uniformly to 7o(A, x) as r — 0 with respect to A € [0, 1]. Note also that thanks
to (36) we have that S ;,S; : @ — Q and for all z € Q.

(S1z,...;Sn_12) € 02, NLoo(x,u1 (), ...;un—1(x)). (37)
We now show that
Jo H(z, S1z, ..., Sy—12) du(z) = 0 for all H € C(QY) with Hoo — 7H € Hy(Q), r € (—1,1). (38)

Indeed, since |H (z, S1, ..., Sy—17)| < |[[H || = qn), We get from Lebesgue’s dominated convergence Theorem,

lim H(:E,Sxyl(x),...,S)\yN_l(x))du(m):/H(m,Slx,...,SN_lx)dp(x).
A—=0 Q Q

From (35) we have

’Lr,,\(ﬂC,ph o DN=1) — La(z,p1, ..., DN -1

)
- | < I e vy + I

from which follows that

Ly a(z,ui(x), ...,un—1(x)) — La(z,u1(2), ..., un—1(2))

/QH(:E, Sz, ..., Sy—1x)du(z) = /Q}\li% Tlir(r)lJr . du(z)
- [t v
= / lim lim 7, (A, z) dp(z) (due to the uniform convergence)
Q r—0t A=0

= lim 7,(0,z)d
/mgég 1 (0, ) dp()

= lim [ n.(0,2)du(x) (due to the monotone convergence theorem)
r—0t Jo

—  lm Ly(z,u1(x),...;un—1(2)) — Loo(z,ur (z), ..., un—1(x)) du(x)
r—0t Jq T

> 0, (in view of the optimality of H., compared to Ho, — rH).

In other words, we have fQ H(z,S1z,...,Sv-1z) du(x) > 0. By the same argument considering » — 0, one
has [, H(x, S, ..., Sy_1z) du(xz) < 0 and therefore the latter is indeed zero as desired.
Note now that (38) yields that both

/ Hoo (2,812, .. Sy—1) dia() = 0, (39)
Q

and that
Jo H(z, S1z, ..., Sy_12) dp(x) = 0 for all H € Hn(Q). (40)

It follows from Lemma 2.3 that S is measure preserving, that S; = S% and that S¥ = I. We shall now write
S for S;.

We now show that DK = M K. We already know that MK < DK. To prove the equality, we use the
fact that (Sz,..., SN 712) € D, NLoo(®,u1(),...,un—1(x)) together with (f,)** being the Fenchel dual of
L with respect to the last NV — 1 variables and Lemma 4.1 to obtain that

(ur (), .., un—1(x)) € A(f)**(Sx, ..., SN 1z). (41)
Since meas(92) = 0, the set UN1S7¢(90) is negligible and for each z € Q\ UY1S~4(9Q), one has

(fe)™(Sx, .y SN 2) = 0o NHoo(z, Sz, .y SN 1),
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It follows that
(ur(x),...,un—1(x)) € 0o, NHoo(z, Sz, ...,SN_lx) a.e. €N (42)

We finally get that
DK = Loo(xaul(x)7 "'7uN71(x)) d/J,(CL')

Loo(z,ui(x),...;un—1(x)) du(x)—|—AHm(x7Sx7...,SN_1x)du(x)

I

Loo(x up (), ..., uy—1(x)) du(x) —I—/Q(fw)**(Sx7...7SN_1x) du(z)
= /Zuz )) du(z) < MK.

If now u; € Wﬁnl(Q) fori=1,2,....,N—1, orif S is a.e. differentiable, then by Theorem 7.1 of the Appendix,
there exists a full measure subset Qg of Q that Vo, nvHeo(x, Sz, ..., SN ~1z) exists for all x € Q. It follows
that

,,,,,

(ul(x), ...,uN,l(x)) =V, ~NHx(z,Sz, L, SNTz) for all z € Q.

5 Proof of Theorem 1.1: Uniqueness

We now deal with part (5) of Theorem 1.1. H,, will denote an optimal concave-convex N-sub-antisymmetric
associated to the vector fields wuq,...,ux_1 via the above variational procedure.

Lemma 5.1 Assume that the vector fields uy, ...,ux—_1 from Q to R? are such that
(ul(x), ...,uN_l(as)) € 0s, NHi(x,Sz,...,5N12) ae z€Q,

for some concave-convex N -sub-antisymmetric Hamiltonian Hy and some N-involution S, then (Hi,S) is
an “extremal pair”, meaning that the infimum (DK) is attained at Hy and the supremum (M K') is attained
at S. Moreover, we have

(ur(z),...,un—1(x)) € O, NHoo(z,Sz,..., SN 12) ae z€Q,
where H, is the optimal Hamiltonian constructed above.

Proof. Let L be the Fenchel-Legendre dual of H; with respect to the last N — 1 variable. We have that
Ly, < Lon (RHN=1 x Q. It follows that

N-1
< LHl(x,ul(x),...,uN,l(x))+H1(x,SJ;,...,SN_1J;)
< L(z,ui(x),...,un_1(z)) + Hi(z, Sz, ..., SV 1z)
N—1
= Z( ui(x), §*(x)),

from which we deduce that
Z (ui(x), Si(x)) = Ly, (z,ui(x),...,;uny—1(x)) + Hy(z, Sz, ..., SN_lgu)7
i=1

and
N-1

.z

d;v—/LHl(x up(x), ..., un—1(x) dx—l—/Hlex ,SNe) da
Q

i=1
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Use now the optimality of H; compared to H; — rH; for —1 < r < 1 (Indeed, the above equality will be
an inequality when Hj is replaced by Hy — rH; for r # 0) and the same argument as in the proof of the
existence part in Theorem 1.1 for H,, to obtain that fQ Hy(z,Sz,...,SN"'z)dz = 0. On the other hand,
we have

/ Z u;(x VNdx < MK' = DK§/LHl(x,ul(as),...,uN_l(x))dx,
Q
which yields

/Q Z_ (ui(z), S*(x))de = MK' = DK = /QLH1 (x,ur (), .oy un—1(x)) d.

Now we can show that u;(z) € 9;11Hoo(z, Sz, ..., SV ~12) a.e. In fact,

N—-1
‘/Q;lez(x)asl(x»dx = /LHl(l' ul(x) '7“N—1(1’))dx

= DK = / (z,ur(x),...;un—1(x)) dx

> /QLOO(J;M() Lun—1(z) dx+/H (z,Sz,...,SN"1x)dx
N-1

> /Q >~ (ui(w), 5'(a)) do.

—

1=

which implies that
Zi\;l(ul(:ﬂ), Si(z)) = Loo(w,us(2), ..oy un—1(2)) + Hoo(, Sz, ..., SN 712) ace. on Q,
and hence the desired result. ]

Lemma 5.2 Suppose S is a measure preserving N-involution and u;(z) = Vi1 Hoo(z, Sz, ..., SV 71) a.e. for
i=1,....N —1. Then

N-1
ViHy(z, Sz, .. LSN1y Z ug( SN i a.e. T €S
i=1
Proof. Let u € R? and let || be small. Note that
N .
/ ZHOO (UN'*'I_l(x7 Sz, ..., S’N_lx)) dx = N/ H (x, Sz, ..., SN_lx) dz = 0.
, Q
Since YV, Hoo (N1 (2, Sz, ..., SN ~(z))) < 0, it follows that
ZH oV (g Sx,...,SNflsc)) =0 ae x€.

Note that H., is N-sub-antisymmetric and therefore

N
ZH Nt g + tu, Sz, ..., SN T12)) <0 = ZHOO (N1 (2, Sz, ., SV T ).

i=1

Assuming zx is a point where V; H, (ON'H_i(a: + tu, Sz, ..., SN_lx)) exists for all 4 =1, ..., N, then

N
Z ViHo (JNH_i(x, Sz, ..., SN_I;E)) =0.
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Since u;(z) = Viy1Hoo (2, Sz, .., SN~1x) and SV =T a.e., we have for i = 2,3,..., N,
w1 (SN T17ig) = V,Hoo (UN+1_i(a:, Sz, ..., SN_la:)).
Therefore,
N-1
Zul (SN7ig) + Vi Hyo (2, Sz, ..., SN ~1z) = 0.
i=1

Proposition 5.1 Let uq,...,uny_1 be vector fields in Wllocl(Q) such that for any two families of points
T1,.e, TN and Yy, ..., yn in Q, the function

=

-1

N—-1
T — Z (wi(®),yi — i) + ) (uwi(yn—i) — ui(zn—i), )

i=1

has no critical point unless when ©1 = yy. Then, there is a unique measure preserving N -involution S on )
that satisfies (15) for some concave-convexr N -sub-antisymmetric Hamiltonian H.

Proof. Suppose 51, S5 are two measure preserving N-involutions on 2 and H; and Hy are two concave-
convex N-sub-antisymmetric Hamiltonian on Q¥ such that for j = 1,2, we have

ui(x) = ViH;(z,S}z,...S ") i=1,.,N-1L (43)
We shall show that S; = S5 a.e. on 2. Note first that Lemma 5.1 gives that
ui(x) = ViHoo(x, Sjl:r7 s S]N_l). (44)

From the preceding lemma, we have that
- Z uz(SJNﬂ:E) = VlHoo(x,S’;:v, ...,SJN*I).

Note that the function £ — Loo(x,uq,...,un—1(x)) is locally Lipschitz and therefore is differentiable on a
subset Qg of full measure. We now show that S; = Sy on .
Indeed, for any = € Qy, h = 0 is a minimum for the function

N1
h—)Loo(x+h,u1(a:+h),...,uN_l(x+h))—&—Hoo(m—i—h,S}x,...,Sjj-v_l Z wi(x + h), ( ).
i=1

This implies that

N-1
d
ViHy (2, Sz, ..., SN~ ta) Zvuz (z)) = —%Loo(l“i‘h,ul(ﬂf+h),~-~,UN—1($+h))h:O
=1
N—-1
= ViHy(z,S3z,..,SY tx) Z (Vu;(x (x)).
i=1

This yields that

> (Vui(z), Si(x) = Si(z)) = ViHeo(x,Siz,....S3 'z) = ViHy(z, Si, ..., S ')
=1

=

-1

= 3 (wlSY @) — w8 @),

i

Il
_

The hypothesis then implies that S;(z) = Sa(z), and S is therefore unique.

In order to find examples of families of vector fields satisfying the above sufficient condition for uniqueness,
we look again at N-monotone vector fields. For that we introduce the following notion.
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Definition 5.3 Say that a family of vector fields (uy, ua,...,un—1) on Q is strictly jointly N-monotone if
N N-1
(ui(@;), @ — i) > 0, (45)
i=1 I=1
for every cycle x1,...,xan_1 of points in Q such that xny; =z for 1 <I< N —1, and x1 # x2.
Note that for N = 2, this property means that the vector field u; is strictly 2-monotone, meaning that
(ur(y) —u1(z),y —x) > 0 for all y,z € Q with = # y. (46)

In this case, it is easy to see that if u; is differentiable, then strict monotonicity implies the sufficient condition
for uniqueness mentioned in Proposition 5.1. Indeed, let u € R? and = € . By taking y = x + tu in (46)
and letting ¢ — 0T we obtain (Vuy (z)u,u) > 0.

Assume now that the function  — (uq(z),y1 — z1) + (u1(y1) — u1(z1), z) has a critical point and that
y1 # x1. It follows that

(Vur(2)(yr — x1), 91 — 1) + (ur(y1) — vi(21), 91 — 1) = 0.

Since the first term is non-negative and the second one is strictly positive, this leads to a contradiction.

One can however, establish directly the following uniqueness result for strictly jointly N-monotone families
for N > 2, even without the differentiability assumption on wuq, ..., uxy_1. This is because we already know
from the result of Galichon-Ghoussoub mentioned above that S;(z) = x is one of the possible N-involution
measure preserving maps in the representation of (uq, ..., un—_1).

Proposition 5.2 Assume u1,...,uny_1 is a strictly jointly N-monotone family of bounded vector fields on 2.
Then, S = I is the only measure preserving N -involution S on € that satisfies (15) for some concave-convex
N -sub-antisymmetric Hamiltonian H.

Proof. Let’s assume S is another measure preserving N-involution in the decomposition. Let z; = S’z for
1 =1,2,...,N and note that xy = z. It follows from (45) that

—1N-1

Z Z (uy(S'z), fSiH:c)ZO.

i=0 [=1
Integrating the above expression over ) implies that

N—-1N-1

0 < /ZZulSm x— S da
Q=0 1=1
N-1N-1 N-1N-1
= /(ul(Si ), Stx) / u(S'x), S™a) dx
=0 1=1 /¢ i=0 =179
N—1N-1 N-1N-1

,x)de — (w(x), S'z) de

Il
M
53\
EM
S

Il
-

l

’—‘H
=2

-1

Z/Q z)dr — N /Q<Ul(x),5l:r) dz

=1 1

N/ (z,u1(x),...,un—1(x)) da:fN/ (z,ur(x),...,un—1(x)) dx

[
2
T

The latter is because both terms correspond to the optimal value (MK?’). Since the integrand in the first line
of the above expression is nonnegative we obtain

N-1N-1
Z (u(S'z), Sz — S*Ha) =0, a.e. x € (,

i=0 =1
and therefore Sz = . O
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6 Proof of Theorem 1.2

The question here is what happens when some of the vector fields u; are identically zero. Let us illustrate
the situation by assuming that just one of them, say ux_1 = 0. In this case, there are two scenarios:

(I) One can begin with N —2 vectors ug, .., uny—2, and obtain a sub (N —1)—antisymmetric hamiltonian
H and an (N — 1)—involution S such that u;(x) € 0H,1(x, Sz, ..., SN 2z).

(IT) One can proceed as above, while considering ux_1 = 0 a vector field like the others. Note that in
the proof of the main theorem we never assumed uy_1 7# 0, except on line (42) and the preceding paragraph.
However, it is easily seen that by assuming uy_1 = 0, one still gets

(ui(x),...,un—2(x)) € Oa, . N—2Hoo(x, Sz, RCE ) ae. x €.

and the dependence of the Hamiltonian H., with respect to the N-th variable seems to be redundant. It
is interesting to see that in this case H,, can be chosen to be an N—antisymmetric Hamiltonian, which
depends on only N — 1 variables.

Indeed, we shall show that H}eg(xl, oy ®N) = Hpse (21,,...,2n-1,2ZN) can be replaced by
H?eg(xl,...,scN_l,xN) = Fo(x1,...,xn—1), (47)
where
N-1
F0($1a7~--75'3N—1): sup { <pi7xi>_Lg(xlap27"'apN—l7O)}'
P2, PN-1€Br ~ ;5

It follows from (31) that for all z; € Q and p§» € R? the following inequality holds

N N

S hws) = L (R 0l pls b)) | <0

=1 j=1j#i

In the above expression, set pi_; = py = 0 for i > 1. By taking sup over all non-zero pg € Bgr we obtain

N
Zngg(UFl(xl,...,xN)) <0. (48)
i=1

This proves that erg is N —sub-antisymmetric. By defining

H? (x) = W - UH?EQ(X) — Zzli_ll ngg(ai(x)),

reg N
and using a similar argument as in the proof of Proposition 3.1, one can also obtain that Lngg < LHQeg < Lpg

on Q x (Br)V~1. This together with ( 47) and ( 48) imply that the Hamiltonian H,, obtained in the proof
of Theorem 1.1 can be chosen to be independent with respect to the last variable.

Similarly, one can show that if more than one vector fields is zero, then the dependence of H,, on the
corresponding variables can be dropped.

Suppose now that us = ... = uy_; = 0. In this case H., is just function of two variables, i.e.
H(zy,x9,...,2N) = F(x1,22) for some Lipschitz function F', which is concave with respect to the first vari-
able and convex with respect to the second one. Therefore uy(z) € d2F(x, Sz) for some measure preserving
N —involution. In this case, Hy, being sub N-antisymmetric reads as

Eij\il F(ziy1,2;) <0 for all zq,..xy € Q with 1 = zy1.

7 Appendix

Theorem 7.1 Consider vector fields (ul)f\;_ll on Q such that fori=1,2,....N —1,

ui(r) € 041 H(z, Sz, ..., SN ~1z) a.e. Q, (49)
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where S : Q — Q is a measure preserving N -involution, and H : RY x (RN~ 4s a Lipschitz function
satisfying the following properties:

1. H(.,X) is concave for every X € (RH)N=L and H(xz, .) is convex for all v € R%.
2. H is N-sub-antisymmetric on (Q)V.
8. [oH(z,Sz,..,SN1z)dx = 0.

If either S € I/Vlzcl(Q)) or u; € Wlicl(Q) fori=1,2,.... N — 1, then there exists a full measure subset Qg of
Q such that V;H(z, Sz, ..., SN 1) exists for all x € Q.

We shall need a few preliminary results. We first list some of the properties of directional derivatives of
convex functions.

Lemma 7.2 Let f : R™ — (—o0,+00] be a proper convex function. Let x be a point where f is finite. The
following statements hold:

1. For each v € R", the difference quotient in the definition of Df(x)v is a non-decreasing function of
A >0, so that D f(x)v erxists and

Df(z)v = inf fw+ o) = f(x)

A>0 A (50)

2. the function v — D f(x)v is a positively homogeneous conver function of v with
Df(x)u+ Df(x)(—v) >0 Yv € R™.
Lemma 7.3 For each v € R%, we have
/Q Dy H(z, Sz, 8%z, ..., SV ta) (v) dx + /Q DyH(z, Sz, S%x, ..., SN "1x)(—v) dz = 0.

Proof. Let ¢ > 0 and define

INz,v,t) = H(x,S(x+tv),S*(z + tv),..., SN 1z + tv)),
I*(z,v,t) = H(z+tv,Sz,S%, ...,V ).

Let g € C2°(92) be a non-negative function. By a simple change of variables, we have for ¢ > 0 small enough,

/ INz,v,t)g(z) + I (2, —v,t)g(z) — 2I'(2,0,0)g(z) dp —

0 t

/ I?(z,—v,t)g(x — tv) + I*(x,v,t)g(x + tv) — 21 (x,0,0)g(x) I (51)
Q t

The limit of the right hand side of the above expression exists as t — 0 and

IQ(I7 *”U,t)g(fﬂ — tv) + [2(I,U,t)g($ + tv) _ 2[1(x,0,0)g(x)

lim dx =
t—0t Jo t
/ [DlH(x, Sz, S%z,...,SN"1x)(v) + D1 H(x, Sz, Sz, ..., SNfla:)(fv)}g(x) dx <0, (52)
Q

where the last inequality is due to the concaveness of H with respect to the first variable. We shall now
prove that the limit of the left hand side of (51) is non-negative as t — 0. It follows from the convexity of
H with respect to the last N — 1 variable together with w;(z) € ;41 H(z, Sz, ..., SV 1) that
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/ I'(z,v,t)g(x) + I'(x, —v, t)g(x) — 2I"(2,0,0)g(x) de >
Q t -

N-1
% /Q ; (ui(z), S (x + tv) + S (z — tv) — 25(2))g(z) dw

The right hand side of the above expression goes to zero, as t — 0, provided either S € I/Vllm1 (Q) or
u; € WhH(Q) for i = 1,2, ..., N — 1. This together with (51) and (52) imply that

/ [D1H(ac7 Sz, 8%z, ...,SN ") (v) + D1 H(z, Sz, Sz, ..., SN_lx)(—v)]g(ac) dx =0,
Q

from which the desired results follows. O
Lemma 7.4 For v € R%, define G;(v) = [, DiH (z, Sz, ..., SN a)(v) dz. Then

N

> [Gi(v) + Gi(—v)] < 0.

i=1
Proof. Define f;(t,z,v) = H(oN*+1~? (:r + tv, Sz, ..., SN’lx)). Note that

filt,z,v) + fi(t,x, —v) — 2£;(0, x,v)
t

t—

is monotone and does not change sign. It follows from the monotone convergence theorem that

/ filt,z,v) + fi(t,z,—v) — 2£;(0, z,v) I :/ lim filt,z,v) + fi(t,z,—v) — 2£;(0, z,v) g
Q Q

lim

t—0+ t t—0+ t

= /Q [D;H (Nt (2, S, ..., SN 12)) (v) + D;H (oN 1 (2, Sz, .., SV T M2)) (0—) ] da
_ /Q [D:H(z, Sz, ... S8 1a)(v) + D;H(x, Sz, ... SN 12) (—v)] dx = Gi(v) + Gi(~v)

Let xq(t, =) be a function that is one when both z + tv,z — tv € Q and zero otherwise. It follows from the
dominated convergence theorem that

Gi0)+ Gi(-v) = [t PEEDEIOB I ZROE 0 )0
i\by Ly i\Uy Ly — _2107 ;
Ly [ AR 2050,

Let f(t,z,v) = Efil fi(t,z,v). Note that for each z € Q one has f(t,z,v) = Ziil fi(t,z,v) <0 for ¢ small
enough such that  +tv € Q. Similarly f(¢,z, —v) < 0 for z — tv € Q. One also has that [, f(0,z,v) dz = 0.
It follows that

N

Z[Gi(v) b Gi(—v)] = /Qtlir(§1+ ft,z,v) + f(t,x,t—v) —2f(0,z,v) volt,z) dz
i=1
_ tg%{ﬁ/ﬂ ft,z,v) + f(t,a?,t—v) —2f(0,z,v) volt,z) dz
= tl_i>1(€l+/9 f(t,.i?, U) —; f(t,J?, U) XQ(t,a:‘) dl‘ S 0.

Proof of Theorem 7.1. It follows from Lemma 7.3 and 7.4 that for each v € R, and i = 1,2,..., N

/ [DiH(x,Sx,SQ:zr,...,SN*ICL’)(U) + D;H(z, Sz, 8%z, ..., SN 1z)(—v)| dz = 0. (53)
Q
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Since the integrand does not change sign, it has to be zero almost everywhere. Now choose {vi}72, to be a
countable dense subset of R%. Set

Ay, = {x € O D;H(x, Sz, Sz, ..., SV 'a)(vp) + D;H(z, Sz, %z, ..., SV ta)(—vp) =0, 1<i< N}

It follows from (53) that Q\ Ay is a null set. Let Qg = NgAg. It follows that g is a full measure subset of
Q such that V,H(z, Sz, S?z, ..., SNV ~1x) exists for all z € Q. O
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